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Abstract 

We discuss the physical nature of elementary singularities arising in 
the complexified Maxwell field extended into complex spacetime, i.e., in 
Lanczos-Newman electrodynamics, which may provide a possible link be- 
tween elementary particle physics and general relativity theory. We show that 
the translation of the world-line of a bare (e.g., spinless) electric-monopole 
singularity into imaginary space is adding a magnetic-dimonopole compo- 
nent to it, so that it can be interpreted as a pseudoscalar pion-proton inter- 
action current, consistent which both charge-independent meson theory and 
zero-order quantum chromodynamics. On the other hand, the interaction 
current of an electric-monopole intrinsic-magnetic-dipole singularity char- 
acteristic of a Dirac electron is obtained by another operation on the world- 
line, which however does not seem to have a simple geometric interpretation. 
Nevertheless, both operations can be given a covariant interpretation, which 
shows that the corresponding interactions necessarily arise on an equal foot- 
ing, and therefore provides a connection between elementary particles and 
singularities in general relativity. 



1 Introduction 

In 2004 Ezra Newman showed that a generalized form of the Lienard-Wiechert 
fields, solution to Maxwell's equations extended into complex spacetime, may 
correspond to the world-lines of a charged particle having a finite magnetic-dipole 
moment and a gyromagnetic ratio of two (T). Since such a particle would be a 
Dirac electron, it is of great interest that earlier work done in this direction could 
be confirmed and expanded [0131. 
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However, as stressed by Newman, there are great difficulties, both technical 
because of the complicated mathematics inherited from the general relativity con- 
siderations which gave rise to his new approach to the problem of electricity in 
curved spacetime, and physical because the interpretation of the singularities as- 
sociated with arbitrary world-lines in complex spacetime is not trivial, even in flat 
Minkowski spaceQ 

The focus of this paper is on the second class of difficulties, mainly because 
they are closest to the author's domain of expertise. This paper is therefore of 
a cross-disciplinary kind, implying that since its goal is to interpret Newman's 
world-lines in the perspective of their possible relevance to elementary particle 
physics, we use a language and a methodology different from his. In particular, 
instead of congruences of 'world-lines' in complexified Minkowski space, we deal 
with 'poles' in the complexified Maxwell fieldoi.e., with 'point-like' singularities 
which can be put in one-to-one correspondence with world-lines by means of 
special or general Lorentz transformations. Therefore, in most of the paper, we 
work in the non-relativistic limit, that is in the rest-frame of the singularities, what 
is appropriate to study their distinctive features and to interpret them. 

In other words, we assume that the elementary particles known from experiment 
could correspond to poles in complexified spacetime, and that at least the most 
common of them — namely the electrons, nucleons, and pions — could in some 
appropriate low-energy limi^l correspond to poles in the Maxwell and Dirac fields 
expressed over complexified spacetime^ 

'According to Newman the singularities of fields may have no fundamental significance, and 
(other than as approximation techniques) they may not have any role to play in general relativity 
[Ezra Newman, private communication, 29 October 2008]. 

2 Such poles might be simple spherically-symmetric distributions such as the Coulomb-like 
potential of electric or magnetic monopoles; or more complicated distributions such as, for example, 
the axially-symmetric magnetic -dipole of electrons; as well as combinations of such poles, e.g, the 
electric-monopole magnetic-dipole combination characteristic of a Dirac electron, Eq. (1 1 .3b - 

3 By low-energy we mean energies £ that are small in comparison to the mass of the heaviest 
particles under consideration, i.e., the nucleons. Therefore £ <c 939MeV rj lGeV, i.e., energies 
that are very low in comparison to current elementary particle research, which is done using 
accelerators with energies on the order of 1000 GeV. For this reason, the 'parton aspect' of 
elementary particles (i.e., their modeling in terms of quarks, gluons, etc.), which is the main focus 
of present-day high-energy physics, is not essential in the energy domain considered in this paper. 
Nevertheless, in Sec. [6] we will show how the main results of this paper can be expressed in terms 
of these concepts. 

4 The assumption that in the low-energy limit the nucleons and pions are 'whole particles,' 
just like electrons and photons, is in good agreement with experiment, and gives a satisfactory 
description of essentially all of atomic and nuclear physics. In particular, the contemporary theory 
of nuclear forces is still essentially that of the 1950s, with the difference that the constraints coming 
from its high-energy limit (in which quark and gluon effects dominate) is now better understood 
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Fortunately, this idea is not new, and was systematically explored in 1919 
already by Cornelius Lanczos in his PhD dissertation [JVl [HI [9J . In this dissertation 
he postulated that electrons and protons could be singularities of the Maxwell field 
expressed in the formalism of complex quaternions, and showed that this formalism 
is most appropriate to study such singularities when they are analytically continued 
into complexified Minkowski space. In particular, to deal with the problem of 
infinities which necessarily arises when integrating quantities associated with even 
the most simple singularities, Lanczos had the idea of shifting the origin of the 
Coulomb potential by a small imaginary amount into imaginary 3-space, i.e., 

(1.1) 



|r + 



so that the Coulomb singularity is no more a point but a circle. This 'circle 
electron' — which as observed by Lanczos has the nice property of yielding a 
finite Hamiltonian function — will be rediscovered by others, for instance by 
Newman who saw in it a possibility to endow a bare Coulomb monopole with a 
magnetic moment El El. 

However, since the Coulomb potential <^mono P oie = e/r where r = \f | is just 
a scalar in the rest-frame of the electron, the only effect of shifting its origin by 
an imaginary amount is to add an imaginary part to the potential, and therefore to 
make it complex instead of real. Indeed 

e e e / e e \ e .A • r _ „ ^ 

+ --^ GC. (1.2) 



\t'\ \f+i\\ \ r '\ v |f+zA| \r'\J r r 3 

While this complexified scalar potential leads to an electromagnetic field having 
some of the characteristics of a magnetic dipolar field, it is nevertheless unsuitable 
to yield the exact field of an intrinsic magnetic dipole: Such a field derives from 
the vector potential A dipo ie = (jl x f)/r 3 , not from a scalar potential. Thus, 
the interpretation of the singularities obtained by displacing a world-line into 
complexified spacetime is more complicated than anticipated by Newman. 

As will be shown in Section [H what is actually generated by means of a 
Lanczos-Newman's infinitesimal 'imaginary scalar translation' is a pseudoscalar 
field which can be associated with the pion field of a nucleon. The intrinsic 
magnetic dipole field characteristic of a Dirac electron is obtained by a differ- 
ent transformation: An infinitesimal] 'imaginary quaternion operation' which is 



|0] 13. However, essentialfy the same constraints (from isospin and chiral symmetry) arise from 
Lanczos's equation of 1929 and its 1932 generalization by Einstein and Mayer [6 1. 

5 The magnitudes of the transformations considered in this paper are infinitesimal in the sense 
that they correspond to lengths characteristic of elementary particles, i.e., to displacements char- 
acterized by their Compton wave-length, hc/mc 2 , which are on the order of 10~ 15 m. 
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adding a vector part to Coulomb's scalar potential so that it becomes the 4-potential 
of the electromagnetic field of a Dirac electron which, in its rest-frame, is the bi- 
quaternion 

■a e ./2 x r 

A e = V'monopole ~~ ^dipole = i o £ ™- (1-3) 

In order for such operations to be possible and meaningful it is necessary to 
write Maxwell's field as a complex field over complex spacetime, and to correctly 
associate the poles and sources of that field to elementary particles. This requires a 
theory in which both Maxwell's and Dirac's equations are expressed over the same 
space, i.e., everyday's Minkowski spacetime extended to complexified spacetime 
by analytic continuation, and a common formalism which can handle the photon, 
electron, and possibly other particle's fields consistently. Such a formalism has 
been developed by Cornelius Lanczos in 1919 for Maxwell's equations ll7ll8ll9l[T0l. 
and in 1929 for Dirac's equations ifTTl [T2l [T3l [14t 

Lanczos 's formalism is briefly reviewed in Sections |2] and [30 It is based 
on Hamilton's biquaternion (i.e., complexified quaternion) algebra B, which is 
defined by the non-commutative product 

(a + A)(b + B) = ab- A- B + aB + bA + Ax B. (1.4) 

where a, b E C are complex scalars and A, B E C 3 are complex vectors. Using 
this unique multiplication rule, which provides a very straightforward and general 
formulation of special relativity for both integer and half-integer spin (i.e., bosonic 
and fermionic) fields, it is possible to formulate not just Maxwell's and Dirac's 
theories, but the whole of classical and quantum theory in a concise and consistent 
way which avoids many of the complications inherent in the standard formalism 
[TT5l [T6ll . Moreover, while it is well known that basic 4- vectors such a the 4- 
position X = ict + x, or the 4-momentum V = £ — icp, can most naturally be 
written as biquaternions, it is important for the purpose of this paper that the fields 
and singularities associated with elementary particles can also be expressed as 
biquaternions, e.g., (11.31) . 

Section |4] is a simplified discussion of the elementary point-like singularities 
which appear in a biquaternion field theory, namely the monopole, dipole, and 
dimonopole singularities. Its main objective is to show that a magnetic dimonopole 
(a scalar-potential singularity) produces the same magnetic field as an intrinsic 

6 Sections[2]and[3]can be skipped at first reading: Their purpose is to show that Maxwell's and 
Dirac's theory can be expressed in complex spacetime, and to derive the magnitude of the intrinsic 
magnetic moment of a Dirac particle, Eq. ( 13.7l i. 

7 The quaternion product is a direct generalization of the complex number product, which was 
defined by Hamilton as (a + iA) {b + iB) = ab - AB + iaB + ibA. 
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magnetic dipole (a vector-potential singularity), except at the origin where the 
two singularities produce different delta-function-like fields. Therefore, despite 
their similarity at r ^ 0, the dipole and dimonopole fields correspond to entirely 
different physical particles. 

In Section [5] we first show that the Lanczos -Newman translation leading to 
the 'circle electron' singularity yields a pseudoscalar-potential rather than the 
vector-potential of Dirac's electron magnetic-dipolar field, and then we derive the 
operation which yields the correct potential for that field. 

In Section [6] we show that the interpretation of the Lanczos -Newman di- 
monopole singularity as a strong-interaction potential is consistent with the quark 
model and quantum chromodynamics. 

Finally, in Section |7] we give a covariant interpretation of the scalar and quater- 
nion operations which lead from the bare electric-monopole potential of classical 
electrodynamics to the proton-pion and electron-photon interactions potentials of 
quantum theory. 



2 Lanczos 's formulation of Maxwell's equations 

The fundamental quantity in Lanczos's biquaternioiH formulation of Maxwell's 
equations is the Silberstein-Conway electromagnetic field bivector B which com- 
bines the electric and magnetic fields in a single complex vector (which transforms 
as a 6-vector, i.e., B — > C*BC + in a Lorentz transformation^) 

B:=E + iH. (2.1) 

This bivector should not be confused with the Faraday-Kilmister electromagnetic 
field tensor, which in biquaternions corresponds to the linear function^ 

F() = l([]B-B + []). (2.2) 

Maxwell's equations are then [171 [T5l 

VAA = B, VB = -C, (2.3) 

8 Hamilton introduced the prefix 'bi-' to indicate that some quantity is complexified. For 
example, Hamilton called a complex number a 'biscalar.' We denote quaternion conjugation as Q 
and complex conjugation as Q* , and we define biconjugation as Q + := Q *. 

9 A general Lorentz transformation, i.e., a rotation followed by a boost, or vice versa, is simply 
a unit biquaternion C EM such that CC = 1. 

10 The symbol ( ) is embracing the argument of a function, whereas the symbol [ ] is a place-holder 
indicating where this argument goes in the function, taking non-commutativity of quaternions into 
account. 
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where A is the 4-potential (which transforms as a 4-vector, i.e., A — ► £v4£ + in a 
Lorentz transformation) 

A := tp - iA, (2.4) 

and C the non-rationalized source 4-current density, which is related to the usual 
rationalized charge-current density 

J ■= p- z'J, (2.5) 

by the equation 

C := An J. (2.6) 

In equation (|2.3I) the operator V is the four-dimensional generalization of 
Hamilton's differential operator V, i.e., 

vo-jjLn+fn, (2.7) 

and the operator A means that the scalar part is discarded so that B is a bivector 
as it should be according to (12.11) . By keeping all parameters real, and interpreting 
i as a device to get Minkowski's metric with Hamilton's real quaternion product, 
equation (|2.3I) can be seen as just another way of rewriting Maxwell's equations 
in a form which is equivalent to the more standard tensor, vector-algebra, or 
differential-form formulations. However, if we follow the suggestion of Lanczos 
and Newman, and thus accept the complexiflcation of the potential, fields, and 
sources, as well as any kind of transformation on or between their scalar and 
vector parts, including (possibly complex) transformations of the coordinates, 
we get generalized types of electric and magnetic fields which are considered as 
'unphysical' in the standard interpretation of Maxwell's field as a real field over 
real Minkowski space0 

In this paper we interpret these generalized biquaternionic fields in terms of 
experimentally known elementary particle fields. The reason why such an in- 
terpretation makes sense is that, as discovered by Lanczos IfTTl [T2l [T3l . there is 
a very close relationship between the complexified Maxwell field and the stan- 
dard Maxwell, Dirac, and Proca fields, which can all be interpreted as distinct 
superpositions of a complex 'Lanczos field' [|6l [T4l[T7l . 

11 In the biquaternion formalism the standard Maxwell field corresponds to the restriction to 
bireal potentials, i.e., such that A = A + , which have 4 real components instead of 8. 
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3 Lanczos's formulation of Dirac's equation 



Soon after the publication of Dirac's famous paper in which the quantum field of the 
electron was expressed in an abstract space using four-dimensional matrix algebra, 
Lanczos showed that Dirac's equation could be expressed in everyday's spacetime 
just like Maxwell's equations, and that working solely with vector algebra in 
its original form, namely biquaternions, one could dispense of any sophisticated 
formalism such as the cumbersome 'Dirac matrices.' In fact, as the titles of his 
three papers suggest, The tensor analytical relationships of Dirac's equation ifTTfl. 
The covariant formulation of Dirac's equation 03, and The conservation laws in 
the field theoretical representation of Dirac's theory lfl"3l . Lanczos was motivated 
by showing that Dirac's equation had a perfectly sensible and straightforward 
tensor interpretation, just like Maxwell's, Einstein's, and all other fundamental 
equations of physics. 

Lanczos showed that the Maxwell and Dirac fields are just two distinct su- 
perpositions of a more general field, which he could not interpret. But with 
todays hindsight that interpretation is not difficult, and it readily seen that the full 
Lanczos field is perfectly suited to express the physics of the interactions of pho- 
tons and electrons and their weak-isospin partners, namely the weak-interaction 
intermediate-bosons and the neutrinos, exactly as given by today's 'Standard 
Model' of electro- weak interactions [6J. Moreover, as shown by Feza Giirsey, 
Lanczos's field can easily accommodate strong interactions, at least in the low- 
energy limit in which these interactions are given by the charge-independent theory 
based on pseudoscalar pion fields |[T8l . 

In Lanczos's representation the Dirac field is a biquaternion Del satisfying 
the Dirac-Lanczos equation [|TTL eq. 63] 

— 1 a— 

VD = -D*iV H — ADiu, (3.1) 

I e 

and transforming as a4-spinor, i.e., D — > CD in a Lorentz transformation. Here A 
is the electromagnetic 4-potential (12.41) . a = e 2 /he the electromagnetic coupling 
constant, £ = h/mc the Compton wave-length associated with the mass m, and V 
an arbitrary unit vectorial While Lanczos's form is fully equivalent to other forms 
of Dirac's equation, its major virtue is the presence of a complex conjugation on the 
right hand side, which explicitly shows that Dirac's and Maxwell's equations are 
fundamentally different because that conjugation operation implies that Dirac's 

12 This unit vector defines an axis reiative to which quantities such as the spin are quantized. Its 
arbitrariness corresponds to the freedom in the choice of a set of anticommuting matrices in Dirac's 
representation. The presence of this non-scalar factor in the Dirac-Lanczos equation insures that 
the field D is of spin-^ exclusively, and therefore cannot be of spin-1 as Maxwell's for example. 
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field is fermionic, and therefore obeying Pauli's exclusion principle, whereas 
Maxwell's field is bosonic IfTTll . 

For the purpose of this paper we do not need more than Dirac's bilinear 
covariant quantities^ i.e., Dirac's conserved 4-curren^ C and spin pseudo-4- 
vector £ 

C = eDD + , £ = DuD + , (3.2) 
and Dirac's invariant scalar s and spin 6-vector S 

s = DD, S = DvD] (3.3) 

as well as Gordon 's decomposition of C, which is an algebraic identity deriving 
from (13.11) and (13.21) that we write in the general form given by Giirsey lfT9l 
p. 50-52], i.e.@ 

±C = saA-e(V)- l -M(V). (3.4) 

In this decomposition the first two terms correspond to the convection current, 
which would exist even if the electron had no spin, and the last one to the polar- 
ization current, which is due to spin. The linear function^ 

g() = e [](D iuD), (3.5) 

is the electric convection scalar, and the linear function 

M{) = e DivD[] , (3.6) 

the electromagnetic moment bivector. Comparing (|3.4I) and (|3.6I) . we see the 
magnetic moment of a Dirac particle is given by 

a = -lev = -^—v. (3.7) 

P 2 2mc 



13 In Lanczos's formalism the 16 bilinear covariant quantities of Dirac's theory (two 4-vectors, 
one invariant biscalar, and one 6-vector) can immediately be written down in explicit form without 
the need of operators as in Dirac's matrix formalism. 

14 In this paper we write Dirac's conserved probability density 4-vector as an electromagnetic 
current density, which is why we include the electric charge e in its definition. Probability- 
current and electromagnetic charge-current density conservation are then expressed by the identity 
V • C = 0. The use of the same symbol C for Dirac's current (13.21 ) and for the source current 
in Maxwell's equations d2.31 > is consistent because this is precisely how the Dirac and Maxwell 
equations are coupled in field theory, namely by having common A and C. 

15 Gordon's decomposition in its traditional form is restricting the terms on the right-hand-side 
to their bireal (i.e., 'Hermitian') part, which has the effect of specializing the Dirac equation 
to electromagnetic interactions, even though Dirac particles such as the proton also have non- 
electromagnetic interactions. 

16 The underline specifies the range of action of the operator inserted in the square brackets, and 
the angle brackets mean taking the scalar part. 
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4 Elementary singularities in polar coordinates 



In this section we consider the simplest point-like singularities which occur in 
three-dimensional space, and which for convenience we assume to be located at 
the origin of a polar coordinate system. This requires a general method to deal 
with functions in the variable r G M 3 that are singular at the origin of a spherical 
coordinates system {r, 9, <p} where r = \ f\. Because the derivative of the absolute 
value |r | is discontinuous at r = 0, this method must rely on distribution theory 
to take into account the ^-singularity which arises when differentiating \ f\. An 
example of such a method is Tangherlini's algorithm for differentiating at the 
origin in polar coordinates [|20l p. 51 1-513]. 

In this paper, however, we will use a more general method which has the 
advantage of being suitable for making linear as well as nonlinear calculations 
with singular functions. This method is presented in simplified form in I12T1 1221 
and in a fully rigorous manner in Il23l . For the purpose of the present paper this 
method consists of replacing the Coulomb potential e/\f\ by the potential eT(r)/r 
where the nonlinear generalized function T(r) has the properties 

j poo poo 

_T(r)=5(r), and / dr T(r)F(r) = / dr F(r), (4.1) 
" r Jo Jo 

which are similar to the properties of Heaviside's step function, and where F{r) E 

C°° is any smooth function of r. 



4.1 Monopole singularity 

Starting from the Coulomb potential of a point-charge, 

<p m (f) := e-T(r), (4.2) 
r 

which may be either an electric-monopole of charge e, or a magnetic-monopole if 
e is replaced by ie, we get the field 

£ m (r) = -V<^ m = e^T(r) - e^S(r), (4.3) 

and the rationalized source charge distribution 

47rp m (f) = V ■ E m = e^6(r), (4.4) 

which upon integration yields the charge of the source 

q= [[[ d 3 n Pm (r) = e. (4.5) 
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4.2 Dipole singularity 



The dipole singularity, which through extensive experimental verification is found 
to very precisely characterize the intrinsic magnetic dipole moment of elementary 
particles such as the electron, is given by the vector potential 

A ^ ■= ^T(r), (4.6) 

where \ jl | has the dimension of a charge times a length. The calculation of the 
magnetic field is straightforward. We get 

H d {r) = hLtf . r) - 4)T(r) + ^ % * % (r). (4.7) 

The first term in this expression is well-known, but the one with the 5-function is 
generally ignored. However, when integrated over 3-space, this second term gives 
the contribution [24, p. 184] 




d 3 Q 5{r) ^ '- = —/I, (4.8) 



r 4 3 

which is essential in calculating the hyperfine splitting of atomic states ll25l . 

We can now calculate the sources. As expected, the magnetic charge density 
is zero 

An Pd (r) = V ■ H d (r) = 0, (4.9) 
while the rationalized current density is 

47rj d (f) = V x H d (f) = 3^5(r). (4.10) 

Using this current density we can now calculate the magnetic moment by means 
of the standard expression Il24l p. 181] to get 

™ = \ JJJ d 3 ttrxj d (r) = ft. (4.11) 

Therefore, although there are actually no 'circulating currents' in the point-like 
distribution (14.101) . the magnetic moment calculated with the formula derived for 
a localized current distribution gives the correct answer. 
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4.3 Dimonopole singularity 



The dimonopole singularity corresponds to the field produced by two electric (or 
magnetic) monopoles of opposite charge separated by an infinitesimal distance 
| A | . The potential for such a field is therefore 

Vdm{r) :=7^r- —^r. (4.12) 

In |f+A| 

At large distance, or at vanishingly small separation A, we can take for this potential 
the first term of the Taylor development, i.e., 

Vdm{?) « -e(A • V)-T(r) = e(A • ^T{r). (4.13) 

From there on it is possible to calculate the field and the source by either recursively 
applying the gradient operator on (14.131) . or by applying the operator (A ■ V) ( ) on 
the field (|4.3I) and the source (14.41) of a point charge. Either way, we get for the 
field the expression 

&iJf) = -V^ m (f) = (3^(/7 • r) - ^)T(r) - %^-6{r), (4.14) 
where we have defined 

/l=eA. (4.15) 

Expression (14.141) is remarkably similar to the corresponding expression (14.71) for 
an intrinsic dipole, and it can be seen that the difference between a dipole and a 
dimonopole field is entirely contained in the point-like singularity at the origin, 
i.e., 

H d (f) - H dm {r) = " X( f 4 Xr V ) + ^r^V) = ^(r). (4.16) 

As a result, when integrated over 3-space, the dimonopolar 5-singular term gives 
the contribution [24, p. 141] 

«ftl 3^(r) = -£ A (4.17) 

which differs in sign and in magnitude from the corresponding expression (|4.8I) for 
an intrinsic dipole. It is this difference which enables to conclude that the dipolar 
fields from distant stars are produced by intrinsic magnetic dipoles, rather than by 
magnetic dimonopoles [|25l . 
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We can now calculate the sources. As expected, the current density is zero 

4vrj dm (f) = V x H dm (r) = 0, (4.18) 
while the rationalized charge density is 

47rp dm (f) = V • H dm {r) = 3^fs(r), (4.19) 

i.e., a distribution that is odd in r so that the total charge is zero, as it should be for 
a dimonopole. We can finally calculate the first moment of this charge density by 
means of the standard expression for a charge distribution |[24l p. 137]. This gives 

d = JJJ d 3 n rp dm {r) = fl=e\, (4.20) 

a result which illustrates again that despite the great similarity of their fields at a 
distance from the origin, the dipole and dimonopole singularities are in fact very 
different. 



5 Physical particles in Lanczos electrodynamics 

The first singularity which comes to mind when considering classical electrody- 
namics is the electric monopole, i.e., in the non relativistic limit, the Coulomb 
potential 

^ c = e~T(r), (5.1) 
r 

and its relativistic generalization, the Lienard-Wiechert potential 

^lw = e^T(0, (5.2) 

where the radial distance r is replaced by the retarded distance £ and the 4-velocity 
U{r) defines the world-line of the singularity parametrized by the proper time r. 
However, neither of these potentials corresponds to a physical particle since, as 
known from experiment, a physical electron is endowed with a magnetic dipole 
moment, so that the potential associated with a Dirac particle is a monopole-dipole 
singularity, i.e., 

A e = y?monopole - iv4 dipole = ^ 1 g )T(t). (5.3) 
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Moreover, besides from being distributions rather than ordinary functions, the 
potentials (15.11) and (15.21) present other difficulties: They lead to infinite self- 
energies, and to an infinite Hamiltonian function. It is to find a cure to this second 
problem that in his doctoral dissertation of 1919 Lanczos proposed to shift the 
singularity at the origin of (15.11) by a small imaginary translation into complex 
spacetime flTJ p. 55]. In this case the singularity is no more point-like but a circle 
in C 3 , hence the name given by Lanczos to this shifted singularity: The 'circle 
electron.' 

Mathematically, if for simplicity we confine our discussion to the non-relativis- 
tic case and to infinitesimal translations, which should be enough to get the essential 
features of the physical differences between the point electron and the circle 
electron, we can represent the shifting of the origin by the imaginary vector i\ by 
means of the scalar operator 

fi«a() = l[] + (iX-V)[]. (5.4) 
Then, applying this operator to the Coulomb potential (15.11) we get 

^ sca : </?c -> ¥ = (e- - e(i\ ■ f)-^T(r) 

+ e(zX-r)^(r), (5.5) 

i.e., a monopole-dimonopole potential on the first line, and on the second line a 
(^-function term which can be discarded^ 

Thus, by means of f2 sca (), we have added to the Coulomb potential (15.11) an 
imaginary dimonopole potential of the form (14.131) . Since in Lanczos-Newman 
electrodynamics V(p = —E — iH, the effect of such an imaginary scalar potential 
is to produce a magnetic field which — away from the origin — has a dipolar form. 
This led Newman to conclude that the effect of the imaginary translation (15.41) is 
to induce a magnetic dipole moment 0[3]]. However, as seen in Secs.|4]2 and[4j3, 
where the differences between the dipole and the dimonopole singularities were 
discussed, this is not the case. In particular, the magnetic dipole field derives from 
a vector potential, while the only effect of the operator (|5.4I) is to make the scalar 
potential (|5.1I) complex instead of real. Moreover, in the standard interpretation 
of Maxwell's field, imaginary contributions to the scalar potential correspond 
to 'magnetic poles' which are normally excluded by Maxwell's inhomogeneous 
equations. 

17 By convention all the potentials considered in this paper are defined as Schwartz distributions. 
Hence, evaluating the <5-function term in ( 15.5b on any test function T(r) 6 P(M 3 ) giving zero, it 
can be discarded. 
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What is then the physical interpretation of the monopole-dimonopole singu- 
larity (|5.5I) ? Could there be a relation between the 'dimonopolar part' of this 
complex scalar potential and the physics of low-energy pion-nucleon interactions 
which are known to be accurately described by a complex scalar field ? 

Let us therefore review the theory of pseudoscalar pion-nucleon interactions in 
its most simple form, that is in which the nucleons (i.e., protons and neutrons) are 
described by Dirac's equation, and the neutral pions by the scalar field <p solution 
of the second order equation, ||26*1 p. 9] or 11271, p. 436], 

(VV + C> = gU™- V)p(r). (5.6) 

Here p(r) is the nuclear matter distribution source of the pion field, z/the nucleon 
spin axis as in Dirac-Lanczos's equation (13.11) . £ n = hc/m n c 2 the Compton wave- 
length associated with the pion mass, and g the strong interaction charge such that 
the pseudoscalar coupling constant is g 2 /he ~ 14.5. Assuming that the nuclear 
distribution is that of a point-like nucleon, i.e., p(r) = 8{r)/A-Kr 2 , this equation 
admits the static solution 

^(r) = f4(^-V)-e-^T(r) = - -^(4 + e~ r ^ T(r), (5.7) 

4-7T r 47T r 6 

which in the small pion-mass limit, — > 0, or equivalently in the limit of short 
distances, r <C £ w , reduces to 

i.e., to the dimonopole term on the right hand side of the first line of (15.51) . 
Therefore, the effect of translating the Coulomb singularity into complex space 
by AixeiX = gl^iv is equivalent to inducing a pseudoscalar interaction potential, 
formally similar to the dimonopole potential (|4.13l) . which can here be interpreted 
as corresponding to the well-known virtual pion cloud of a nucleon in low-energy 
pseudoscalar theory0 

Having shown that the scalar operator (|5.4I) is generating the strong interaction 
potential of a nucleon, it is natural to ask whether the magnetic interaction potential 
which corresponds to the vector part of the electron 4-potential (|5.3I) could also be 
derived from the Coulomb potential by an operator of a similar type. The answer 
is immediate, and it is easy to verify that (15.31) can be derived from (|5.1l) by means 
of the quaternion operator 

n qoa () = l[] + (iAxV)[], (5.9) 

18 Of course, the action of the operator ( I5.4l i on the Coulomb potential 1/r is to lead to the 
pseudoscalar field (15.51 l of a massless pion. However, the generalization to a finite-mass pion field 
is straightforward: It suffice to replace 1/r by the Yukawa potential exp(— r/£ w )/r. 
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i.e., 

fiqua^c -> (e--e(ilxr^)T(r) = 4 (5.10) 

provided e\ = jl and the 5-term arising from T(r) is discarded as in (|5.5I) . 

In summary, we have found that starting from the Coulomb potential — which 
corresponds to a hypothetical spinless charged-particle which would have only 
'electric' interactions in its rest frame — we can derive both the magnetic-dipolar 
interaction potential of a physical electron, and the pseudoscalar pion-nucleon 
interaction potential characteristic of low-energy strong interactions, simply by 
applying the operators fi sca and fi qua to the world-line of the Coulomb singularity 
moving in biquaternionic spacetime. Moreover, combining these results, we 
can immediately write down the 4-potential which in Lanczos's electrodynamics 
corresponds to a proton, i.e.0 

A p = e--g(£ 7T + r) — e r ' e * -fj, p —^-, (5.11) 

where fi p is magnetic moment of the proton. 

These results were obtained in the low-energy limit. But there should be 
no reason why they would not generalize to high energies^ and to arbitrary 
world-lines. The work of Newman in the general relativistic context 03 El O, 
which is essentially based on the scalar translation operator f2 sca , is therefore 
of great interest. In particular, as stressed by Newman, it is important that the 
displacement fi sca is not an ordinary Poincare translation (under which all physical 
laws are invariant) but an imaginary translation which by complexifying a scalar 
potential is leading to 'new' physics — what is indeed the case since starting from 
a pure Maxwell field we get str ong interactions. Similarly, the operation fi qua is 
not an ordinary rotation or booso (which would leave the physics invariant) but 
a biquaternion operation which is transforming a bare Coulomb potential into the 



biquaternion potential (I5.3I) of a Dirac electron. Thus, it is by these 'non-orthodox' 
operations that we gain new insight into the nature of spacetime and elementary 
particles, something that was anticipated by Lanczos in 1919 already. 



l9 This simplified expression containing only neutral pions could easily be generalized to include 
charged pions. 

2l) Equation ( 15. 1 lb would then have to include other strongly interacting particles such as vector 
mesons, whose effect quickly become non-negligible as energy is increased |H][5]. 

21 Since there is some resemblance between 57 qua and a rotation by an imaginary angle iO about 
an axis v, we recall the infinitesimal form of such an operation acting on the coordinates, which is 
the scalar operator J7 rot ( ) = 1 [ ] — r- (iX x V) [ ] where A is now the dimensionless vector A = Qv. 
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6 Quantum field-theoretical and QCD perspectives 



All considerations made so far were essentially classical, including in Sec. [2] and 
[3] where the Maxwell and Dirac fields were interpreted as classical fields. In this 
section we go one step further and show that when reconsidering the singularities 
discussed in this paper in the context of quantum field theory we can strengthen one 
of our main conclusions, namely that the dimonopole must be associated to strong 
interactions, which will therefore be valid both in the 'whole particle' approach of 
hadrodynamics, and in the 'quark gluon' approach of quantum chromodynamics 
(QCD). Thus, we will show that a dimonopole is simply a 'meson,' i.e., a 'quark- 
antiquark' singularity in modern terminology. 

Indeed, as is well known, the forces mediated by any classical massless field 
obey the 1/r law, which is for instance the case of the Coulomb, Newton, and 
chromodynamic fields @ Moreover, if the properties of the gauge-groups charac- 
teristic of these fields are taken into account, it is equally well known that large 
modifications to the 1/r law arise due to the radiative corrections which come into 
play when these fields are treated as quantized fields [|28l . These modifications, 
when affecting the short range behavior of the strong interactions, are customarily 
associated with the concept of asymptotic freedom: "In essence, asymptotic free- 
dom is the statement that at very short distances the interactions between quarks 
is weaker than the 1/r law that one would expect classically when the forces are 
mediated by a massless vector field. Asymptotic freedom is a phenomenon that 
only occurs in non-Abelian gauge theories (e.g., QCD). The opposite occurs in 
quantum electrodynamics (QED), i.e., the interaction is stronger than 1/r at short 
distances [[281 p. 374]. 

Taking these facts into account, we can revisit the concept of dimonopole 
singularity. We therefore rewrite (I4.12M4T31) a^] 

Vdm {r) = 9 \ - - 9 \ « ig„(X ■ f)lr(r), (6.1) 
\r — -^iX | \r + -^iX \ r 

where we have replaced the coupling constant e by g n because we now view 
the dimonopole as being a quark-antiquark singularity, and replaced A by ±|zA 
in order that the potentials of the two displaced monopoles (the quark and the 
antiquark) are complex conjugate. 

Then, the interpretation of (16.11) is that the dimonopole field written in that 

22 This is also the case of the massless pion field considered in the previous section, which 
however in this section is no more considered as a 'fundamental' field. 

23 This is a highly simplified picture since we ignore that the gluon field has spin and a complicated 
gauge group. 
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form is the field of a pseudoscalar neutral pi-meson, albeit in the limit where the 
radiative effects that would modify the 1/r law are neglected. This form is similar 
to (|5.8I) and confirms that the dimonopole singularity generated by the Lanczos- 
Newman translation must be associated with the field of a strongly interacting 
particle. 

Conversely, revisiting the Dirac electron singularity (15.31) . we now better un- 
derstand the truly point-like nature of both its scalar and vector parts. In particular, 
the magnetic dipole is truly intrinsic and is in no way associated to a pair of objects 
which like the quarks in a meson could be separated by some non-zero distance. 
This applies as much to the leptons (i.e., the electron, muon, and tau) than to the 
quarks of all three generations, which are all true Dirac singularities. 



7 Covariant interpretation of Q sca and Q qua 

A major result of this paper is the pair of operators fi sca and Q qua , defined by 
equations (15.41) and (15 .9b ■ They lead from the potential, field, and source of a 
bare monopole singularity to the distributions which characterize the physically 
well established pion-nucleon and photon-electron interactions. While the scalar 
operator f2 sca corresponds to an infinitesimal imaginary translation which has 
the effect of adding an imaginary scalar part to a real monopole singularity, the 
biquaternion operator f2 qua , which is adding an imaginary vector component to this 
monopole singularity, does not seem to have such a simple interpretation. (Unless 
we associate the rotational in fi qua to a kind of vortex effect generating 'spin' 
the same way that the divergence in f2 sca relates to a translation effect generating 
'displacement,' so that fi qua leads to a point-like intrinsic dipole, and f2 sca to a 
string-like dimonopole.) Nevertheless, as will now be shown, despite this lack 
of a clear geometric interpretation, the two operations fi sca and f2 qua are deeply 
connected in the context of relativity. 

Indeed, to be physically meaningful fi sca and fi qua must have an invariant 
interpretation, which is only the case if they can be expressed in a covariant 
manner. Referring to the definition of the quaternion product (11.41) . it is readily 
seen that the non-trivial parts of the operators f2 sca and f2 qua are actually the scalar 
and vector parts of the product 

- [A] [V] = +A- V- A x V, (7.1) 

where the square brackets have been introduced to highlight that the product 
between the bracketed quantities is the quaternion product (11.41) . The covariant 
formulation of (17.11) is then obtained by replacing —V by the quaternion-conjugate 
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of the 4-gradient operator V, i.e., (|2.7I) . and by requiring that A transforms as a 
4-vector, i.e., A' = Ci\C + like the spin pseudo-4-vector S in Dirac's theory, i.e., 
(13.21) . This yields the covariant operator 

fi cov () = iCA£+V[], (7.2) 

which because of the difference in signs in (|7.1I) is related to f2 sca and f2 qua in such 
a way that 

^sca() ^qua() ^cov()- (7.3) 

Therefore, the covariant forms of the operators fi sca and fi qua areEH 

fi S ca() = i[] + ^(/:A/: + ov)[], (7.4) 

fi q ua() = l[]-*(£A£ + AV)[], (7.5) 

which in the rest frame, and in the stationary case in which V can be replaced by 
V, yield the non-relativistic expressions (15.41) and (15 .9b ■ 

In summary, the covariant treatment of f2 sca and fi qua shows that these operators 
are related to parts of the covariant operator fi cov . Consequently, the operators Jl sca 
and f2 qua must necessarily be considered on an equal footing, which implies that 
the protonic and electronic interaction potentials that they generate when operating 
on a bare Coulomb potential are necessarily related in the same way. That this is 
the case is readily seen by rewriting the corresponding operators as 

fip() :=fW) = (7.6) 

e 2m p c 

n e () := Q qua , e () = 1[] + i JL(?A V)[], (7.7) 

where the strong-interaction part of (17.61) yields (|5.8I) because m p = 2tt to better 
than 10%, and the magnetic part (17.71) yields Dirac's magnetic dipole moment, so 
that the covariant superposition which generalizes (17.31) is em p fi p ( ) — gm e VL e {)- 



8 Conclusion 



The possibility that Lanczos's electrodynamics and Lanczos's formulation of 
Dirac's theory could provide a connection between elementary particle physics 
and general relativity theory appears to be promising^] In particular, it is striking 

24 The operator 'o' means taking the scalar part of the product of the two adjacent quaternions. 
25 In this perspective it is important to stress that there are a number of approaches closely related 
to Lanczos's and Newman's which lead to similar conclusions. See, in particular, [30, 3T1 I321 . 
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that in the context of a simple extension of classical electrodynamics into complex 
space the rather trivial Lanczos-Newman imaginary translation operation could 
lead to the correct low-energy pseudoscalar pion-nucleon strong interaction, and 
that by a fully covariant treatment the intrinsic magnetic dipolar interaction of a 
Dirac particle would necessarily arise on an equal footing, i.e., from (I7.6H7.7I) . 



„ 1 / 1 qh v ■ f\ 

q :+e > Ap = +(e--i^ , (8.1) 

r V r 2m p c r 6 J 

1 , / 1 eh V x f . 

Q e :-e- -> A e = - (e--i- =- . (8.2) 



This could mean that the well-known formal similarities between magnetodynam- 
ics and low-energy strong interactions, see G6l p. 3-10] and [27, p. 434-439], are 
not just accidental but of a fundamental nature, which may be related to elemen- 
tary geometric operations on the world lines of monopolar singularities moving in 
complexified spacetime. 
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